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Abstract 
A drop placed under a solid thin film causes it to bulge due to the action of liquid surface tension, Laplace pressure, difference in 
surface tension on two sides of the film, and gravity.  Deformation is resisted by solid surface tension, bending, and in-plane 
stretching.  For sufficiently thin films and small drops, the film mainly carries tension and the deformed configuration can be 
obtained simply by force balance of tensions at the contact line.  In this work, we examine more closely the conditions under 
which this simplified situation exists.  We show that generally the effect of surface tension asymmetry on two sides of the film is 
negligible, as is the effect of gravity on the local deformed shape.  Further, we show that for sufficiently thin films, bending 
affects the solution only in a boundary layer near the contact region and that tensions in the films can still be estimated from force 
balance. 
 
© 2014 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of Konstantin Volokh and Mahmood Jabareen. 
Keywords: Type your keywords here, separated by semicolons ;  
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Peer-review under responsibility of Konstantin Volokh and Mahmood Jabareen.
 Chung-Yuen Hui et al. /  Procedia IUTAM  12 ( 2015 )  116 – 123 117
1. Introduction 
The influence of surface stress V on the mechanics of solids has been studied for a long time1,2.  For isotropic 
surfaces, Vis a scalar quantity with values ranging between tens to hundreds of mN/m.  It is usually tensile, and its 
ratio with the Young’s modulus, V( represents a quantity with dimensions of length called the elasto-capillary 
length, which often indicates the range of distance over which the influence of surface tension dominates over 
elasticity.  For conventional stiff materials (with moduli in MPa or more), this is a very small quantity.  However, for 
compliant or soft materials such as elastomers and gels with moduli ranging from a few Pascals to about a MPa, the 
role of surface tension is very important and can dominate elasticity over significant distances.   
The role of surface stress in soft materials is a subject of considerable current interest.  In particular, recent 
studies have shown how it influences wetting contact line deformation3-9; a principal finding is that for sufficiently 
compliant solids the deformed geometry near the contact line is governed by equilibrium of surface tensions 
(Neumann’s triangle).  Displacements of the surface of an elastic half-space due to the surface tension of a liquid 
drop placed on it, Jlv, is on the order of Jlv/E.  For displacements to be easily measurable using optical techniques, the 
modulus of the solid is required to be a few kPa or smaller.  However, deformations can be amplified significantly 
by replacing an elastic half-space by a thin solid, elastic film, allowing the study of the effect of solid surface tension 
on materials with elastic modulus in the MPa range.   
Such an experiment has been demonstrated recently9.  It was 
shown that a water droplet placed under a thin elastic film 
produces significant deformation in the film. In the limit of small 
film thickness where the film can be modeled as a pre-tension 
membrane, the configuration in the vicinity of the contact line is 
governed by balance of tensions in solid film and the liquid-
vapor interface, in a manner analogous to force equilibrium at the 
contact line between three immiscible fluids.  For thicker films, 
one has to consider several complicating effects such as the role 
of bending stiffness, gravity, film stretch and residual stress, and 
bending moments due to difference in surface stress on two sides 
of the film.  Our goal in this paper is to discuss in more detail 
than has been done previously the conditions under which a 
simple force balance can be used to determine the film 
configuration at the contact line. 
2. Drop Under a Suspended Film 
2.1. Force balance at the contact line: Neumann’s Triangle 
Figure 1(a) shows a 13 Pm thick elastomeric film 
suspended across an annular hole made of the same material, 
(VPS (vinylpolysiloxane), Zhermack Inc), with a drop of water 
placed under the film.  The majority of the experiments 
conducted on this system were with another elastomer, 
polydimethylsiloxane (PDMS)9.  Figure 1(b) shows a schematic 
drawing of the experiment.  The lower part of Figure 1(a) repeats 
the upper part, with the addition of white lines that indicate both 
the drop under the film (visible because the film is nearly 
transparent), and the bulge of the solid elastic film itself, which is 
driven by the forces applied by the liquid drop.  Figure 1(b) also 
shows typical dimensions – note that the film outer diameter is much larger than typical drop contact diameter, 
which is in turn much larger than the film thickness.  If gravity can be neglected and in the limit of vanishing 
thickness the film is expected to behave mechanically as a membrane, except in some small region near the liquid 
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Figure 1.  (a) (Upper) Optical micrograph 
of a drop placed under a film spanning an 
circular hole (8mm in diameter).  (Lower) 
The same micrograph as in the upper figure, 
in this case with white lines to indicate part 
of the drop under the film and the bulge of 
the solid film. (b) Schematic drawing of the 
drop under a film, (c) Force balance near the 
contact line. 
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contact line where bending controls the local deformation.  Then, the configuration of the system near the contact 
line is determined by balance of forces applied by two regions of the solid membrane (inside and outside the drop) 
and the surface tension of the liquid itself.  We denote the region of the film outside (inside) the drop by the 
subscript I (II).  If gravity can be neglected (e.g. small drops), the only forces applied on the film are due to the 
liquid drop, and these are self-equilibrating in the vertical direction, so that the direction of the tension in the film 
outside the drop, VI, is horizontal. The arrangement of the three tensions is therefore specified by angles T (the 
receding contact angle) and I as drawn in Figure 1(c), and is given by horizontal and vertical force equilibrium  ITVIVV  coscos lvIII   (1) 
 ITVIV  sinsin lvII    (2) 
If bending is confined to the contact line, the thin film deforms into a spherical cap (see justification below), 
Rc /sin  I , equation (2) is written as     ITVV  sin/ lvII cR   (3) 
Note that the two tensions in the solid film, VI  andVII, include surface tension, residual stresses, and stress due to 
elastic stretching.  Since the last two quantities are directly proportional to Et, where E is the Young’s modulus of 
the film and t is its thickness;  in the limit of vanishing thickness, the contribution of surface tension is expected to 
dominate over residual stress and stress due to stretching of the membrane. 
 
2.2. Linear model for out-of-plane deflection of a film loaded by a liquid drop. 
Figure 2 a shows a schematic drawing of the undeformed state of the film with a drop under it.  The free body 
diagram of the film is shown in Fig. 2b.  The forces and moments in Fig. 2b are: 
1. Circumferential line force due to the liquid-
vapor surface tension, lvJ . 
2. Laplace pressure cP lv /sin2 TJ , where T is 
the contact angle and c is the contact radius.  
Note that the first two set of forces balance 
each other in the vertical direction. 
3. In-plane surface tensions, BI
T
I VV , .  Outside the 
drop, these two tensions are nominally equal 
and, if there were no residual stresses nor any 
stretching of the film, BI
T
II VVV  .  However, 
generally we must allow for internal stresses 
due to stress and residual stress (not drawn in 
the figure).  Also not shown in the figure is the 
fact that in the region where the drop contacts 
the bottom portion of the film, BII
T
II VV z .  
Equations (1-3) show how the configuration 
adjusts to balance the net forces (in the limit of 
small film thickness).  A second consequence 
is that the difference in tensions inside and 
outside the contact region causes a 
circumferential line moment   2/tM BIBIII VV  . 
4. In addition, also not drawn in Figure 2, there is a distributed load due to the weight of the film itself and that of 
the liquid drop. 
 
In the actual experiment, deflections are often much larger than the film thickness and, for quantitative 
predictions, a model at the level of the nonlinear von Karman plate theory10 would be required.  However, for the 
sake of simplicity, we analyze here the out-of-plane deflection of the film shown in Figure 2 using linear plate 
theory (including the effect of in-plane membrane forces).  Specifically, we solve 
 
Figure 2.  (a) (Upper) Schematic drawing of a drop under 
a film making a contact of radius c and a contact angle T. 
(b) Schematic drawing of the film showing forces due to 
liquid surface tension, Laplace pressure, surface tension in 
the film, and moment due to unequal surface tensions.  
Not shown are possible stresses in the film itself and 
distributed forces due to gravity.  
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rprwrwD   24 V       (4) 
where D=EI is the flexural rigidity of the plate,(E is the Young’s modulus, I=t3/12), p(r) represents the distributed 
forces in the ‘z’ direction, and V is the tension in the film.  Because within the linear theory, we do not distinguish 
between the reference and deformed configurations, equilibrium in the radial direction is satisfied identically by the 
constant value of net in-plane tension, V, assumed in equation (4).  This implies that if contact angle 2/ST z , or if 
the surface tension in the contact region is different from outside it, then there will be some stretching of the 
membrane, which contributes to the total tension.  That is, the value of V includes potentially some stretch and 
residual stresses in addition to surface tensions.    In general, the value of V  in eq 4 is different in regions I and II.   
Consider first the circumferential line moment   2/tM BIBIII VV   due to asymmetry of surface tension on two 
sides of the film.  It is well-known that the moment due to asymmetry of surface tension on two sides of a cantilever 
causes it to bend11,12, and this effect can be used to measure the difference in surface tension.  For a film that is 
supported on its entire periphery but without a liquid drop, a mere difference in (radially uniform) surface tension on 
two sides of the film is insufficient to cause bending because the clamps at the boundary provide balancing forces 
and a moment.  However, if there is a region where the surface tension is different from the surroundings, as would 
be the case where the liquid contacts the solid, then the resulting change in moment would need to be balanced by 
internal bending stresses, i.e., the film will bend.  However, as noted previously12, the line bending moments due to 
the liquid (liquid-vapor surface tension and the Laplace pressure) are on the order of   2/sin tc BIBIlv VVTJ !!  
because typically tc !! , unless the contact angle is very small. Since the experiments generally do not work well 
with liquids that have small contact angles due to their tendency of their contact lines to be pinned more readily, we 
conclude that the effect of bending due to a difference in surface tension on two sides of the film can be neglected 
when  
1
sin2
 TJ
VV
lv
B
I
B
I
c
t         
2.3. Solution for deflection under the action of Laplace pressure, liquid-vapor surface tension, and gravity 
The remaining loading that drives deflection of the film includes the circumferential line force due to liquid-
vapor surface tension, the Laplace pressure, and gravity.  These are represented by the pressure distribution 
     rpcr
c
Wprp co »¼
º«¬
ª  IS 2       (6) 
where po is the Laplace pressure, W is the weight of the drop, I is a function that equals 1 for all r<c and vanishes 
for all r>c, and pc(r) is a sharply peaked function at the contact line that represents the liquid-vapor surface tension, 
which can be represented by a line force (force per unit length) of magnitude TJ sinlvT  .  The net vertical force 
due to T balances the Laplace pressure, which means that cTpo /2 ; the tension acts in the positive ‘z’ direction, 
the Laplace pressure acts in the opposite direction, and is reduced in value by the weight of the drop acting over the 
drop contact radius.  (The distributed pressure due to the weight of the membrane itself causes negligible 
deflection.)  In addition to these forces, the film is clamped (deflection and its gradient with radial location vanish) 
at an outer radius a>>c.   For mathematical simplicity, we will assume that V  is the same in both I and II, e.g. the 
contact angle is exactly 90 degrees.   
We adopt the following definitions and normalization:  
 
120   Chung-Yuen Hui et al. /  Procedia IUTAM  12 ( 2015 )  116 – 123 
   
/ , / ;                     Distances normalized by contact radius
/ 2 2 ; Normalized  pressure
                               Normalized Drop Weight
2
,              Normalized  De
r r c a a c
p r c p r T S
WS
c
w w
Tc
H
S H
V
  
   
{
 
 2
2
2
flection
                    Moment-curvature relation
1
        Normalized shear force in terms of normalized moment
                                 Dimensionless bending
Mw
D
c Q dMQ Q
DT T dr
D
c
Q
V
H
H V
 {  
   
{  rigidity
1              Normalized  momentd dwM r
r dr dr
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In normalized variables, the governing equation (4) becomes  rpMM   2H        (8) 
showing that the parameter H  determines the influence of bending.  In particular, as it vanishes, the governing 
equation reverts to that of a linear membrane with in-plane tension.  Generally, we are interested in the nature of the 
solution when both the effect of bending and drop weight are small, i.e., 1, SH .  The domain has two regions, 
inside and outside the region of contact.  The homogeneous solution of (8) in both regions I and II has the form:    HH // 21 rKArIAM oo        (9) 
where Io and Ko are modified Bessel functions of order zero, and A1 , A2 are arbitrary constants.  For 1r , i.e., 
inside the contact line, A2=0 since the moment must be bounded at r=0.  The pressure is zero outside the contact line 
and a constant of 2 2 SH  inside the contact line, so the solution is  
   
1
2 3
/ 2 2 1
/ / 1
o
o o
A I r S r
M
A I r A K r a r
H H
H H
­   ° ®  ! !°¯
    (10) 
We must impose the following conditions on the solution.  At ar  , the deflection and its gradient vanish.  The 
shear force balances the weight of the drop, i.e., SrdMdQ   / .  At the contact line, 1 r , we enforce 
continuity of deflection, its slope, and of the moment, but not of the shear force, which jumps across the contact line 
because of the liquid-vapor surface tension.  Finally, at 0 r , i.e., on the axis of symmetry, the slope must vanish.  
The solution for deflection is obtained by integrating equation (7 h).  The deflection contains seven constants that 
are determined by the seven conditions just described.   
We have obtained this solution in closed form.  However, we will present some special cases because the full 
solution is quite involved.  Consider the case where 0S  , i.e., we can neglect the weight of the drop.  We also 
consider the limit foa , i.e., when the outer radius is large compared to the contact radius.  Then, the deflection 
is 
   
      HHHHH
HHH
/1
/
2
/1
21
;/2
2
1
2
1
2
o
oo
o
K
rKICrw
rICrrw
»»¼
º
««¬
ª  !
¹¸
·
©¨
§  
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or, 
 /sin( ) ( / )lv
II
r cc Cw r c I r cJ T HH HV
ª º§ ·« »    ¨ ¸© ¹« »¬ ¼
2
0
2 1
4 4 2
  (10c) 
   
lv
II
c I K rw r c C
K
J T H HH HV H
ª º!  « »« »¬ ¼
0 0
0
2 sin (1/ ) ( / )
( )
2 (1/ )
   (10d) 
In the limit when the effect of bending is weak, 1H , this further simplifies to 
      ^ `
      HHHHV TJ
HHV
TJ
2
/1
/
2
sin
;2/1
2
sin 2
 !
 
cK
crKccrw
crccrw
o
olv
lv
    (11) 
Equation (11) shows that when the film is thin, the effect of bending is confined to a boundary layer of size ~ H  in 
the vicinity of the contact line.  Moreover, the deflection inside the contact region is just a simple parabola (which is 
also the solution of equation (4) if D=0), shifted by a constant that vanishes also as H  .  In other words, the radius 
of curvature of the deformed film near its apex is captured by membrane theory quite accurately even when bending 
near the contact line lifts the entire deflection profile.  Our analysis thus establishes that the effect of bending can be 
neglected when 1H .  Recall that the linear model used in this section to examine the effect of bending does 
not account for in-plane stretching of the film, which is clearly important because the film deflections can be 
significantly larger than film thickness.  That is, the condition established in this section ensures that in-plane 
tensions dominate bending, but these tensions are a combination of surface tension, bulk stretch, and possibly any 
residual stress. 
  
2.4. Example 
We have previously shown that the model presented in the previous section can capture the experimentally 
measured profile accurately (Figure 1(c) in 9).  Figure S1 (Supporting Information9) also shows by an example that, 
as argued in the previous section, that for sufficiently thin films the shape near the apex (at the axis of symmetry) 
depends only weakly on bending rigidity so that if radius of curvature R is measured at the apex and we have an 
accurate value of contact radius, c, then equation (3) can be used to determine the tension in the film accurately.   
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In Figure 3(a), we show results of our model for values of parameters representative of typical experimental 
conditions.  Evidently, for the thinnest film, the deflection variation at the contact line is cusp-like, which only a 
membrane can support.  That is, the region where bending influences the deflection solution is restricted to a small 
region near the contact line.  For increasing film thickness, the growing region where bending is important is also 
evident in the results.  Figure 3(b) shows how the estimate of tension in the solid film varies with film thickness, if 
equation (3) is used with radius of curvature “measured” at the axis of symmetry.  In actual experiments, since the 
stretch also varies with thickness, the tension in the film is not expected to be constant over any range of film 
thickness.  Here, we have artificially fixed the tension in the film to be 250 mN independent of thickness.   It is 
evident that for sufficiently thin films, in this instance < 15 Pm in thickness, essentially no error is incurred in the 
estimate of the surface tension using equation (3) even though there is significant influence of bending at the contact 
line.  
3. Summary and Conclusions 
A liquid drop placed under a thin film suspended across an annulus causes it to bulge due to the combined 
influence of liquid surface tension and Laplace pressure.  Deformation is resisted by bending and tension in the film 
(due to stretch, residual stress, or surface tension).  In previous work9 we have argued that sufficiently thin films can 
behave as membranes in the sense that they support only in-plane tension.  When that is the case, a simple force 
balance (eqs. 1-3) can be used to analyze experimental data and to estimate the tension in the solid film.  In this 
work, we presented a linear model for this phenomenon that includes effects of bending and gravity.  We argue that 
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(a)           (b) 
Figure 3. (a) Results for typical experimental conditions: drop contact radius c=400 Pm; film outer radius a=4 
mm; film Young’s modulus, representing polydimethylsiloxane, PDMS, E=2.85 MPa; liquid contact angle 
TI=S/2; liquid surface tension Jlv=75 mN/m; solid surface tension s = 250 mN/m, and four different film 
ranging in thickness from 5-20 Pm.  The main figure shows normalized deflection as a function of normalized 
radial distance.   It is apparent that for the thinnest film, the region over which bending is important is quite 
small, but that for the thickest film it is a significant fraction of the contact radius c.  The inset shows 
corresponding results for deflection versus radial distance, now showing actual values. (b) Tension estimated 
using equation (3) in which the radius of curvature is “measured” at the axis of symmetry.  Note that for 
sufficiently small film thickness the estimate is essentially identical to the actual tension in the film (250 mN) 
even though there can be significant bending at the contact line. 
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bending due to unequal surface tension on the two sides of the film is negligible.  The influence of gravity is 
likewise negligible, as it results primarily in a shift of datum for the shape under the contact.  The influence of 
bending is captured by a single dimensionless parameter H.  When this parameter is small compared to unity, a 
simple force balance based on radius of curvature of the solid film measured at the axis of symmetry yields an 
accurate estimate of the tension in the film.  
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